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Abstract
Let E be a non-trivial Banach space. The question when the spaces Cp(X,E) and Cp(Y,E) of
all continuous mappings of X and Y into E in the topology of pointwise convergence are linearly
homeomorphic is studied. These spaces are called lE-equivalent. A topological property or a cardinal
function is called lE-invariant if it is preserved by the relation of the lE-equivalence. We prove that
σ -discreteness, σ -scatteredness, the hereditary Lindelöf number, the hereditary density, the density,
and the spread are lE -invariant properties. Moreover, we prove that in the class of µ-spaces of
pointwise countable type the scatteredness, k-scatteredness, the extent, the paracompactness, and
the p-paracompactness are lE -invariants. For that we introduce the notions of pm-equivalence, om-
equivalence, pom-equivalence. We study some functional functors. Ó 2001 Elsevier Science B.V. All
rights reserved.
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0. Introduction
All spaces under consideration are Tychonoff. Let E be a non-trivial topological linear
space. Consider the functor F with the properties:
– for every space X the object F(X) is a linear subspace of the linear space EX ;
– every linear space F(X) is equipped with a concrete topological structure;
– for every continuous mapping g :X→ Y the adjunct operator ug :F(Y )→ F(X),
where ug(f )= f · g, is a continuous linear mapping;
– if C0(X,E)= {f ∈EX: f is continuous and clE f (X) is compact}, then C0(X,E)⊆
F(X).
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If the spaces F(X) and F(Y ) are linear homeomorphic, then the spaces X and Y are
called F -equivalent.
The main results are connected with the questions:
(1) Which topological properties are F -invariants?
(2) When F(X) and F(Y ) are linearly homeomorphic?
(3) When F(X) and F(X+ 1) are linearly homeomorphic?
(4) When F(X) and F(X⊕ S) are linearly homeomorphic?
(5) When F(X) and F(X⊕N) are linearly homeomorphic?
(6) When F(X) and F(X⊕X) are linearly homeomorphic?
These questions are bound up with the problem of the linear classification of the
topological linear spaces of continuous functions and for some concrete functors they were
formulated by Arhangel’skii [2–5] and Semadeni [28].
The first attempts to solve the problem of the linear topological classification of Banach
spaces Cu(X) of all continuous real-valued functions on compact spaces X with the
topology of uniform convergence go back to the works [11,12]. Borsuk [12] showed that
Cu(I), Cu(I ⊕ S), Cu(I ⊕ I) and Cu(I : x) are linear homeomorphic spaces. In the proofs
he used the extenders. Banach [11] has proved that Cu(S), Cu(S : 0) and Cu(S ⊕ S) are
linearly homeomorphic spaces and raised the question whether Cu(I) and Cu(I 2) are
linearly homeomorphic. Banach problem was solved by Miljutin in 1952 (see [24,28]).
The classification of Banach spaces Cu(X) for metrizable compact spaces X was given by
Miljutin et al. (see [24]).
The problem of the linear topological classification of Banach spacesCu(X) for compact
spaces X is very complex and it remains open.
In the 1970s Arhangel’skii has begun the systematic investigation of spaces Cp(X) of
real-valued functions with topology of pointwise convergence (see [1–5]). By virtue of
the Arhangel’skii [1] and Pavlowskii [23] theorem the Cp-classification of compact spaces
is more fine then its Cu-classification. Therefore in the Cp-theory we have more various
problems.
1. Basic definitions
We shall use the notations and terminology from [3,9,17]. All considered spaces are
assumed to be Tychonoff.
Throughout this article |Y | denotes the cardinality of a set Y , clX A or clA denotes the
closure of a set A in a space X, w(X) denotes the weight of the space X, X⊕ Y denotes
the topological sum of the spaces X and Y , R denotes the linear space of reals with the
usual topology, N= {1,2, . . .}, S = {0,1/n: n ∈N} and I = [0,1] are the subspaces of R,
D = {0,1} is the discrete two-point space, Dτ is the discrete space of cardinality τ , Aτ
denotes the one-point compactification of the space Dτ , by X + 1 we denote the space
obtained by adjoining one new isolated point to the space X, a Cartesian product of spaces
is equipped with the Tychonoff topology.
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If ϕ(X) is one of the cardinal functions on the category of topological spaces, then
always we consider that ϕ(X) is an infinite cardinal and put hϕ(X)= sup{ϕ(Y ): Y ⊆X}—
the hereditary version of the cardinal invariant ϕ and hϕ is called hereditary ϕ.
Let X be a space. Denote by l(X)=min{τ : every open cover of X contains a subcover
of cardinality 6 τ } the Lindelöf number of X, by d(X) =min{|Y |: Y is dense in X} the
density of X, by wl(X)=min{τ : for every open cover γ of X there exists a subsystem ξ
of γ such that |ξ |6 τ and ⋃ ξ is dense in X} the weak Lindelöf degree of X, by dl(X)=
min{l(Y ): Y is dense in X} the dense Lindelöf number of X, by e(X) = sup{|Y |: Y is
a closed discrete subspace of X} the extent of X, by s(X) = sup{|Y |: Y is a discrete
subspace of X} the spread of X, by whl(Y ) = min{hl(Y ): Y is dense in X} the weak
hereditary Lindelöf number of X, by c(X)= sup{|γ |: γ is a disjoint family of non-empty
open subsets of X} the Souslin number of X, and by p(X) = sup{|γ |: γ is a point-finite
family of non-empty open subsets of X} the weakly cellularity of X.
A space X is called scattered if each non-empty subspace of it contains a point which is
isolated in this subspace.
A space X is called k-scattered if for every closed non-empty subspace Y of X there
exists a non-empty open subset U of Y such that clY U is compact.
Every scattered space is k-scattered.
Denote ds(X) = min{τ : X is a union of τ discrete subspaces}, cds(X) = min{τ : X
is a union of τ discrete closed subspaces}, ss(X) = min{τ : X is a union of τ scattered
subspaces}.
A space X is called a Baire space if the intersection of every countable sequence of
open dense subsets is dense. A space X is called a hereditarily Baire space if every closed
subspace of it is a Baire space.
Every k-scattered space is a hereditarily Baire space.
Proposition 1.2. Let X be a σ -scattered hereditarily Baire space. Then X is scattered.
Proof. Let X =⋃{Xn: n ∈ N}, where X1,X2, . . . are scattered subspaces. Fix a non-
empty subspace Y of X and put Z = clY . Since Z is a Baire space, there exist n ∈N and
a non-empty open subset U of Z such that L= U ∩Xn is dense in U . If x is an isolated
point of L, then x is isolated in Z and x ∈ Y . The proof is complete. 2
Proposition 1.3. Let X be a k-scattered space. The following assertions are equivalent:
(1) X is scattered.
(2) X is σ -scattered.
(3) Every compact subspace of X is scattered.
Proof. Implication (1)⇒ (2) is obvious. Implication (2)⇒ (3) follows from Proposi-
tion 1.2.
Suppose that every compact subset of the space X is scattered. Fix a non-empty
subspace Y of X. Since X is k-scattered there exist a non-empty compact subset F of X
and an open subset U of Y such that F = clX U . Hence U is a scattered subspace of Y
and U contains some isolated point x . By construction, x is isolated in Y , too. Implication
(3)⇒ (1) is proved. 2
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Proposition 1.4. Let f :X→ Y be a perfect mapping of a space X onto a space Y . The
space X is k-scattered if and only if the space Y is k-scattered. Moreover, if the space X is
scattered, then Y is scattered, too.
Proof. Obvious. 2
The character χ(A,X) of a set A in a space X is defined as the smallest cardinal
number τ for which there exists a family ξ of open subsets of X such that |ξ | 6 τ and
for every open set U that contains A there exists V ∈ ξ such that A⊆ V ⊆U .
A space X is of pointwise countable type if for every point x ∈X there exists a compact
set F ⊆X such that x ∈ F and χ(F,X)6 ℵ0.
A subset L of a space X is said to be bounded if f (L) is a bounded subset of R for each
continuous function f on X. A space X is called a µ-space or a µ-complete space if the
closure of every bounded subset L⊆X is compact.
A point x ∈ X is said to be a wq-point of X if there exists a countable se-
quence {Un: n ∈N} of open subsets of X such that x ∈ ⋂{Un: n ∈ N} and each set
{xn ∈ Un: n ∈N} is bounded in X. If every point x of the space X is a wq-point, then
we say that X is a wq-space (see [30]).
Every space of pointwise countable type is a wq-space.
Proposition 1.5. Let X be a µ-complete wq-space. Then X is a space of pointwise type.
Proof. Fix a point x ∈X and a sequence {Un: n ∈N} of open subsets of X such that each
set {xn ∈ Un: n ∈ N} is bounded in X and x ∈ clX Um+1 ⊆ Um for every m ∈ N. Then
x ∈ F =⋂{Un: n ∈N},F is a compact set and χ(F,X) is a countable cardinal. The proof
is complete. 2
Let θ :X→ Y be a set-valued mapping, i.e., θ(x) be a subset of Y for every x ∈ X.
For A⊆X and B ⊆ Y we use the denotations θ(A)=⋃{θ(x): x ∈A} and θ−1(B)= {x ∈
X: θ(x)∩B 6= ∅}. The graph of the mapping θ is the subspace Gr(θ)= {(x, y): x ∈X,y ∈
θ(x)} of X× Y . The projections θX : Gr(θ)→X and θY : Gr(θ)→ Y , where θX(x, y)= x
and θY (x, y) = y , are single-valued continuous mappings and θ(x) = θY (θX−1(x)). The
mapping θ is called lover (upper) semicontinuous if for every open (closed) subset H of Y
the set θ−1(H) is open (closed) in X. The mapping θ is lower semicontinuous if and only
if the mapping θX is open.
2. Functional functors and extenders
Let K be the field of real or complex numbers.
Fix a locally convex topological space E over K . Suppose that E is infinite.
2.1. Functional spaces and functors
For every space X by B(X,E) denote the linear space of all mappings of X into E,
by C(X,E) denote the linear space of all continuous mappings of X into E, a set
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B0(X,E) = {f ∈ B(X,E): clE f (X) is compact} is the linear space of all bounded
mappings of X into E and put C0(X,E)= C(X,E)∩B0(X,E).
Every mapping f :X→ Y induce a linear mapping uf :B(Y,E)→B(X,E) defined by
letting uf (g)= g · f for every g ∈ B(Y,E). Always uf (B0(Y,E))⊆ B0(X,E). If f is a
continuous mapping of the space X into the space Y , then uf (C(Y,E))⊆ C(X,E).
Definition 2.1.1. A functionalE-functor is a transformationF which assigns to each space
X some linear subspace F(X) of B(X,E) such that:
(1) F(X) is equipped with a concrete topology;
(2) F(X) is a linear topological space;
(3) C0(X,E)⊆ F(X);
(4) if f :X→ Y is a continuous mapping, then uf (F (Y )) ⊆ F(X) and uf :F(Y )→
F(X) is a linear continuous mapping.
Every functional E-functor is contravariant.
Fix a functional E-functor F .
Definition 2.1.2. Let Y be a subspace of a space X. An F -extender is a linear continuous
mapping v :F(Y )→ F(X) such that v(g)|Y = g for every g ∈ F(Y ).
A subspace Y of X is F -embedded in X if there exists some F -extender v :F(Y )→
F(X).
Example 2.1.3. Let Y ⊆X and ϕ :X→ Y be a retraction, i.e., ϕ be a continuous mapping
and ϕ(y)= y for every y ∈ Y . Then uϕ :F(Y )→ F(X) is an F -extender.
Lemma 2.1.4. Let Y ⊆ X. Then the restriction mapping rY :F(X) → F(Y ), where
rY (f )= f |Y for every f ∈ F(X), is a linear continuous mapping.
Proof. Consider the mapping ϕ :Y →X, here ϕ(y)= y for all y ∈ Y . Then rY = uϕ . The
proof is complete. 2
2.2. On complemented spaces
Let H and G be a linear subspaces of a topological linear space L. A projection from L
onto H is a linear retraction ϕ :L→H . The subspaces H and G are complementary, and
either one is a complement of the other, if the mapping v :H ×G→ L defined by the rule
v(x, y)= x + y is a linear homeomorphism of H ×G onto L.
A linear subspace H is complemented in L if and only if there exists a projection
ϕ :L→H . In this case ϕ−1(0) is a complement of H .
Lemma 2.2.1. If H1 and H2 are the complements of subspace G in L, then H1 and H2
are linear homeomorphic.
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Proof. There exist the projections u :L→H1 and v :L→H2 such that u−1(0)=G and
v−1(0)=G. The mappings u and v are open. Hence the mapping w = u|H2 :H2→H1 is
a linear homeomorphism. 2
2.3. Main properties of extenders
Fix a functional E-functor F .
If Y is a subspace of a space X, then we put
F(X : Y )= {f ∈ F(X): Y ⊆ f−1(0)}.
Lemma 2.3.1. Let Y ⊆X. Then F(X : Y ) is a closed linear subspace of the space F(X).
Proof. Consider the restriction mapping rY :F(X)→ F(Y ). Then F(X : Y ) = rY−1(0).
The proof is complete. 2
Theorem 2.3.2. Let Y be a subspace of a space X and v :F(Y )→ F(X) be an F -
extender. Then:
(1) F(Y )× F(X : Y ) and F(X) are the linearly homeomorphic spaces;
(2) v(F (Y )) is the complement of F(X : Y ) in F(X).
Proof. Suppose that rY :F(X)→ F(Y ) is the restriction mapping.
For every f ∈ F(Y ) and every g ∈ F(X : Y ) we put w(f,g) = v(f ) + g. The
mapping w :F(Y )× F(X : Y )→ F(X) is linear and continuous. Since w−1(g)= (rY (g),
g− v(rY (g))), the mapping w−1 is continuous. 2
Corollary 2.3.3. If Y ⊆X and r :X→ Y is a retraction, then F(X) and F(Y )×F(X : Y )
are linearly homeomorphic spaces.
2.4. On one-point subspaces
Fix a functional functor F .
Denote by Dτ the discrete space of cardinality τ > 1 and put 1=D1.
For every space X and every point x ∈X we put F(X : x)= F(X : {x}) and FK(X) =
{f ∈ F(X): f is constant} ⊆ F(X).
Lemma 2.4.1. For every space X the linear spaces FK(X) and F(1) are linearly
homeomorphic.
Proof. Fix x ∈ X. Consider that Y = {x} ⊆ X. Then Y and 1 are homeomorphic
spaces. Hence F(Y ) and F(1) are linearly homeomorphic. There exists a retraction
ϕ = rx :X→ Y . Then ψ = uϕ :F(Y )→ F(X) is continuous, ψ(F(Y )) = FK(X), the
restriction mapping rY : FK(X) → F(Y ) is continuous and rY = ψ−1. The proof is
complete. 2
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Proposition 2.4.2. Let x, y ∈X. Then:
(1) F(X : x) and F(X : y) are the linearly homeomorphic spaces;
(2) F(X) and FK(X)× F(X : x) are the linearly homeomorphic spaces.
Proof. Let ϕ :X→ {x} be a retraction. Then uϕ :F({x})→ F(X) is an F -extender and
uϕF({x})= FK(X). Theorem 2.3.2 and Lemma 2.2.1 complete the proof. 2
Corollary 2.4.3. For every point x ∈X the spaces F(X) and F(1)×F(X : x) are linearly
homeomorphic.
Remark 2.4.4. The mapping u :E→ F(1), where u(x)(1)= x for every x ∈ E, is linear
and one-to-one. IfE is a finite-dimensional linear space, then u is a linear homeomorphism.
IfE is an infinite-dimensional space, then F(1) is the linear space E with another topology
on it.
Remark 2.4.5. Consider the isomorphism u :E→ F(1) from Remark 2.4.4.
Let Bp(X,F (1)) = F(1)X be the set B(X,F(1)) with the pointwise convergence
topology.
The mapping vX :F(X) → Bp(X,F (1)), where vX(f ) = u · f for all f ∈ F(X),
is linear and is an injection. For every x ∈ X the restriction mapping rx :F(X) →
F(1) = F(x) is continuous. Since vX(f ) = (rx(f ): x ∈ X) = (f (x): x ∈ X) ∈ F(1)X ,
the mapping vX is continuous. If F(1) = E, then the identical mapping vX :F(X)→
Bp(X,E) is continuous. If E is a finite-dimensional linear space and X is a finite space,
then F(X)=EX and F(1)=E.
2.5. Examples of functors
Definition 2.5.1. A functor F is called:
– an M–E-functor if F is a functional E-functor and for every countable com-
pact subspace Y of a separable metric space X there exists some F -extender
v :F(Y )→ F(X);
– a B–E-functor if F is a functional E-functor and for every compact subspace Y of a
separable metric space X there exists some F -extender v :F(Y )→ F(X);
– a D–E-functor if F is a functional E-functor and for every closed subspace Y of a
metric space X there exists some F -extender v :F(Y )→ F(X).
Let X be a space. We put B0(X,E) = C(X,E). Inductively define the Baire
class Bα(X,E) for each ordinal α 6 Ω , where Ω is the first uncountable ordinal, to be
the space of all pointwise limits of sequences of mappings {fn ∈⋃{Bµ(X,E): µ < α}:
n ∈N}. Denote B0α(X,E)= Bα(X,E)∩B0(X,E).
A mapping f :X → Y is called a Baire continuous mapping if uf (B1(Y,R)) ⊆
B1(X,R).
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Definition 2.5.2. A functor F is called a Baire E-functor if for every Baire contin-
uous mapping ϕ :X → Y onto a countable space Y we have uϕ(F (Y )) ⊆ F(X) and
uϕ :F(Y )→ F(X) is a continuous mapping.
Example 2.5.3. Denote by Bp(X,E) the set B(X,E) with the pointwise convergence
topology. Then F(X) = Bp(X,E) is a Baire E-functor. Let Y ⊆ X. For every f ∈ F(Y )
define χY (f ) by the rule χY (f )|Y = f andX\Y ⊆ χY (f )−1(0). Then χY :F(Y )→ F(X)
is an F -extender. Hence F is a D–E-functor and for every subspace Y of an infinite
space X the spaces F(X) and F(X)× F(Y ) are linearly homeomorphic.
By Cp(X,E), C0p(X,E), B0p,α(X,E), Bp,α(X,E) and B0p(X,E) denote the linear
spaces C(X,E), C0(X,E), B0α(X,E), Bα(X,E) and B0(X,E) as the subspaces of the
space Bp(X,E).
Example 2.5.4. The functor F(X) = B0p(X,E) is a Baire D–E-functor. If Y ⊆ X, then
χY :F(Y )→ F(X) is an F -extender. If Y ⊆X and X is an infinite space, then F(X) and
F(X)× F(Y ) are linearly homeomorphic spaces.
Example 2.5.5. Let 0 6 α 6 Ω and F(X) ∈ {Bp,α(X,E),B0p,α(X,E)}. Then F is a
D–E-functor. If α > 1, then F is a Baire E-functor. If α > 1, Y is a zero-set of X, i.e.,
f−1(0)= Y for some f ∈ C(X,R), then χY :F(Y )→ F(X) is an F -extender. If α = 0,
then F is not a Baire E-functor.
Let f ∈B(X,E) and V be a neighborhood of 0 in E. Denote
U(f,V )= {g ∈ B(X,E): f (x)− g(x) ∈ V for all x ∈X}.
The topology generating on B(X,E) by the closure operator clA = {f ∈ B(X,E):
U(f,V ) ∩A 6= ∅ for every neighborhood V of 0 in E} is called the topology of uniform
convergence on B(X,E). If E is a normed space, the uniform topology on B(X,E) is
generated by the sup-norm ‖f ‖ = sup{‖f (x)‖: x ∈X}.
By C0u(X,E), B0u,α(X,E), B0u(X,E) denote the linear spaces C0(X,E), B0α(X,E),
B0(X,E) with the topology of uniform convergence.
Example 2.5.6. Let F(X) = B0u(X,E). Then F is a Baire D–E-functor. For every
subspace Y of a space X the mapping χY :F(Y )→ F(X) is an F -extender. For every
subspace Y of an infinite space X the spaces F(X) and F(X) × F(Y ) are linearly
homeomorphic.
Example 2.5.7. If F(X) ∈ {B0u,α(X,E): 16 α 6Ω}, then F is a BaireD–E-functor. If Y
is a zero-set of X, then χY :F(Y )→ F(X) is an F -extender.
Example 2.5.8. If F(X)= C0u(X,E), then F is a D–E-functor.
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For every set L ⊆ X and every set U ⊆ E put w(L,U) = {f ∈ B(X,E): f (L) ⊆ U}.
The standard base of the topology of compact convergence on B(X,E) consists of
the sets w(L,U), where L is a compact subset of X and U is an open subset of E.
By Ck(X,E), C0k (X,E), Bk,α(X,E), B
0
k,α(X,E), Bk(X,E), and B
0
k (X,E) denote the
mentioned linear spaces with topology of compact convergence.
Example 2.5.9. If F(X) ∈ {Ck(X,E), C0k (X,E)}, then F is a D–E-functor. Functor F
is not a Baire functor.
Example 2.5.10. If F(X) ∈ {Bk(X,E), B0k (X,E)}, then F is a D–E-functor. For every
closed subspace Y of a space X the mapping χY :F(Y )→ F(X) is an F -extender.
Functor F is not a Baire functor.
Example 2.5.11. If F(X) ∈ {Bk,α(X,E),B0k,α(X,E): 16 α 6Ω}, is aD–E-functor. For
every zero-set Y of a spaceX the mapping χY :F(Y )→ F(X) is an F -extender. Functor F
is not a Baire E-functor.
Example 2.5.12. Denote by F(X) the linear space C(X,E) with the topology generated
by the base {w(L,U): U is an open subset of E, L is a countable compact subset of X}.
The functional E-functor F is an M–E-functor.
Remark 2.5.13. For the functors from Examples 2.5.3–2.5.12 the spaces E and F(1) are
linearly homeomorphic.
Example 2.5.14. Let τ be an infinite cardinal and E = Kτ . Suppose that F(X) ∈
{C0u(X,E),Ck(X,E),C0k (X,E),Cp(X,E),C0p(X,E)}. Then F is a D–E-functor. If X
and Y are discrete spaces and |X| + |Y |6 τ , then F(X) ∼ F(Y ). If Y is a discrete space
and |Y |6 τ , then F(X)∼ F(X⊕ Y ) for every space X.
Proposition 2.5.15. Let Y be a closed complete metrizable subspace of a space X and F
be a functional E-functor. Then:
(1) if Y is a countable compact space and F is an M–E-functor, then there exists an
F -extender v :F(Y )→ F(X);
(2) if Y is a compact space and F is a B–E-functor, then there exists an F -extender
v :F(Y )→ F(X);
(3) if X is collectionwise normal space and F is a D–E-functor, then there exists an
F -extender v :F(Y )→ F(X).
Proof. From the conditions of Proposition 2.5.15 there exist a metric space (Z,d)
and a continuous mapping ϕ :X → Z such that w(Z) = w(Y ), ϕ|Y :Y → ϕ(Y ) is a
homeomorphism and ϕ(Y ) is a closed subset of Z. Now we have a possibility to use the
methods from [15, Section 3]. The proof is complete. 2
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Example 2.5.16. Let X0 be an infinite compact space, E = Cp(X0,K) and F(X) =
Bp(X,Cu(X0,K)). Then F is a Baire D–E-functor and
FK(X)= Cu(X0,K) 6= Cp(X0,K).
Example 2.5.17. Let F(X) be the linear space B(X,E)=EX with the strongest topology
on it relatively to which EX is a linear topological space and the projections rx :EX→E,
where rx(f ) = f (x) for every f ∈ EX , are continuous for every x ∈ X. If Y ⊆ X, then
χY :F(Y )→ F(X) is an F -extender.
Example 2.5.18. Let F(X) be the linear space C(X,R) with the strongest topology on it
relatively to which it is a linear locally convex topological space. If Y is a closed subspace
of a normal space X, then there exists an F -extender u :F(Y )→ F(X).
2.6. On finite subspaces
Fix a functional E-functor F . By Fu(X) we denote the set F(X) with the topology of
uniform convergence.
Definition 2.6.1. If the mapping pi :Fu(X)→ F(X), where pi(f ) = f for every f ∈
Fu(X), is continuous for every space X and F(1) = E, then the functor F is called
continuous.
From Remark 2.4.5 and Definition 2.6.1 directly it follows that F(X) = EX for every
finite space X and continuous E-functor F .
Functors from Examples 2.5.17 and 2.5.18 are not continuous functors. Functors from
Examples 2.5.3–2.5.12 are continuous.
Theorem 2.6.2. Let Y and Z be finite subspaces of a space X and |Y | = |Z|. If E is a
finite-dimensional space or F is a continuous E-functor, then:
(1) the linear topological spaces F(X : Y ) and F(X :Z) are linearly homeomorphic;
(2) there exist the F -extenders v :F(Y )→ F(X) and w :F(Z)→ F(X) such that
v(F (Y ))=w(F(Z)).
Proof. Let |Y | = |Z| = n> 1 and |Y ∩Z| =m. We consider that Y = {y1, y2, . . . , yn} and
Z = {z1, z2, . . . , zn}, where yi = zi for every i 6m. Suppose that I = [0,1] ⊆K , where
0 · x = 0 and 1 · x = x for every x ∈E. Then there exist the open subsets {Ui : i 6 n} of X
and the continuous functions {hi :X→[0,1]: i 6 n} for which:
(1) Ui ∩Uj = ∅ if i 6= j ;
(2) yi , zi ∈Ui for every i 6 n;
(3) hi(yi)= h(zi)= 1 and X \Ui ⊆ hi−1(0) for every i 6 n.
Consider the homeomorphism ϕ :Y → Z, where ϕ(yi) = zi for all i 6 n. Then
uϕ :F(Y )→ F(Z) is a linear homeomorphism.
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For every f ∈ F(Y ) and g ∈ F(Z) we put
v(f )=
∑{
f (yi) · hi : i 6 n
}
and w(g)=
∑{
g(yi) · hi : i 6 n
}
.
(4) v(f ), w(g) ∈ C0(X,E) for every f ∈ F(Y ) and g ∈ F(Z).
(5) v(y)=w(uϕ(f )) and v(uϕ−1(g))=w(g) for every f ∈ F(Y ) and g ∈ F(Z).
From the property (5) it follows that
(6) v(F (Y ))=w(F(Z))⊆ F(X).
Now we shall prove that v and w are continuous, i.e., v and w are F -extenders.
Case 1. E is a finite-dimensional linear space.
In this case F(Y ) and F(Z) are finite-dimensional spaces. Therefore v and w are
continuous.
Case 2. F is a continuous E-functor.
The mappings v :F(Y )→ Fu(X) and w :F(Z)→ Fu(X) are linear and continuous.
Therefore v and w are F -extenders. The assertion (2) is proved. The spaces F(X : Y )
and F(X : Z) are the complements of the subspace v(F (Y )) = w(F(Z)) in F(X). Lem-
ma 2.2.1 completes the proof. 2
Theorem 2.6.3. Let E =K , X be a space, H be a subspace of F(X) and H be linearly
homeomorphic to Kn for some n> 1. Then there exists a finite subspace Y of X such that:
(1) Y = {y1, y2, . . . , yn};
(2) there exists an F -extender v :F(Y )→ F(X) such that v(F (Y ))=H ;
(3) F(X : Y ) is the complement of the space H in F(X).
Proof. There exists a Hamel base f1, f2, . . . , fn in H . By induction on i 6 n we construct
the point yi and the function gi ∈H such that:
(c1) f1(y1) 6= 0, g1 = a11 · f1 and g1(y1)= 1;
(c2) g2 = a21 · g1 + a22 · f2, g2(y1)= 0 and g2(y2)= 1;
(ci) gi = ai1 ·g1+ · · ·+ ai(i−1) ·gi + aii ·fi , gi(yj )= 0 for every j < i and gi(yi)= 1.
We put hn = gn, hn−1 = gn−1−gn−1(yn) ·hn, . . . , h1 = g1−g1(y2) ·h2−· · ·−g1(yn) ·
hn. The functions h1, h2, . . . , hn form a Hamel basis in H , hi(yi)= 1 and hi(yj )= 0 for
every i, j 6 n and i 6= j .
The mapping v :F(Y )→ F(X), where v(f )=∑{f (yi) · hi : i 6 n}, is an F -extender
and v(F (Y ))=H . The proof is complete. 2
Remark 2.6.4. For the functor F(X) = C0u(X,R) the assertion (3) of Theorem 2.6.3 is
proved by Dean [16, Theorem 3].
Example 2.6.5. Let K = R and E = R2 = {(x, y): x, y ∈ R}. Consider the functional
D–E-functor F(X) ∈ {Cp(X,E),C0u(X,E)}. Fix an infinite space X, a two-point
subspace Y = {y1, y2} of X and the functions h1, h2 ∈ F(X) for which:
(1) h1(y1)= h2(y2)= (1,0);
(2) h1(y2)= h2(y1)= (0,0);
(3) h1(X)∪ h2(X)⊆ {(t,0): a 6 t 6 1} ⊆E.
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Denote H = {α · h1 + β · h2: α,β ∈ R}. Then dimH = 2 and H is linearly homeo-
morphic to E. For every non-empty subspace Z of X we have F(Z) 6= {f | Z: f ∈ H }.
Hence a subset Z ofX and an F -extender u :F(Z)→ F(X) for which u(F (Z))=H does
not exist.
2.7. On exponential properties of functors
Fix a functional E-functor F . We put E1 = F(1).
If the linear topological spaces L1, L2 are linearly homeomorphic, then we denote
L1 ∼ L2.
Theorem 2.7.1. If Y is a finite subspace of a space X, then:
(1) the restriction mapping rY :F(X)→ F(Y ) is continuous and open;
(2) F(Y )=EY1 .
Proof. By Lemma 2.1.4 it follows that the restriction mapping rY is continuous.
Let x ∈ X. Consider the restriction mapping rx :F(X)→ F({x}). Since F({x})=E1,
the subspace FK(X) of constants in F(X) is linearly homeomorphic to F(1) and
rx |FK(X) : FK(X)→ F(1) = F({x}) is a linear homeomorphism, then the mapping rx
is open, continuous and linear.
Hence the mapping vY :F(X) → EY1 , where vY (f ) = (rx(f ): x ∈ Y ) = f |Y for
every f ∈ F(X), is continuous, open and linear. For every g ∈ F(Y ) we put wY (g) =
(g(x): x ∈X) ∈EY1 . By construction, vY =wY · rY and the mappingwY is one-to-one. By
Remark 2.4.5, the mapping wY :F(Y )→EY1 is continuous. Since vY is an open mapping,
wY is a linear homeomorphism. Hence rY is an open mapping and F(Y )=EY1 . The proof
is complete. 2
Theorem 2.7.2. If a space X = Y ⊕ Z is the topological sum of spaces Y and Z, then
F(X) and F(Y )× F(Z) are linearly homeomorphic spaces.
Proof. Fix a ∈ Y and b ∈ Z. There exists the F -extenders u1 :F(Y ) → F(X) and
u2 :F(Z)→ F(X), where u1(f )(z) = f (a) and u2(g)(y) = g(b) for every f ∈ F(Y ),
g ∈ F(Z), y ∈ Y and z ∈ Z.
Consider the linear spacesF(X : {a, b}),F(Y : a),F(Z : b) and the restriction mappings
rY :F(X : {a, b})→ F(Y : a) and rZ :F(X : {a, b})→ F(Z : b). Since the subspace {a, b}
is a retract of X, then F(X) and F(X : {a, b})× E2 are linearly homeomorphic spaces.
By construction, u1(F (Y : a)) = F(X : Z ∪ {a}) and u2(F (Z : b)) = F(X : Y ∪ {b}).
Hence F(Z : b) is linearly homeomorphic to F(X : Y ∪ {b}). Therefore the spaces
F(Y : a)×F(Z : b) and F(X : {a, b}) are linearly homeomorphic,F(Y )×F(Z)∼ (F (Y :
a)×E1)× (F (Z : b)×E1)∼ F(X : {a, b})×E12 ∼ F(X). The proof is complete. 2
Corollary 2.7.3. F(X+ 1)∼ F(X)×E1 for every non-empty space X.
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3. Functional equivalence of spaces
Fix a topological linear spaceE and a functionalE-functorF . Consider that F(1)=E1.
3.1. General problems
Many concrete questions are particular problems of the following two general problems.
Problem 3.1.1. Which topological properties of a space are characterized in terms of the
object F(X)?
Problem 3.1.2. Which properties of the object F(X) are characterized by the properties
of the space X?
The program of relating “interesting” topological properties of compact spaces X with
“interesting” properties of Banach spaces Cu(X,K) was formulated by Eilenberg (see [28,
p. 132]).
Definition 3.1.3. The spaces X and Y are called F -equivalent and we denote X F∼ Y or
F(X)∼ F(Y ) if the spaces F(X) and F(Y ) are linearly homeomorphic.
A property P of spaces is called F -invariant or an F -property if it is preserved by the
F -equivalence.
Problem 3.1.4. Which topological properties are F -invariant?
Problem 3.1.5 (Semadeni [28, p. 381] for F(X)= C0u(X,K)). Let X be an infinite com-
pact space. Does there exist a zero-dimensional compact space Y such that F(X)∼ F(Y )?
Problem 3.1.5 for F(X) = C0u(X,K) was discussed by Pelczynski in [24]. For the
functor F(X)= Cp(X,K) the answer is negative: Pestov [25] proved that dimX = dimY
provided Cp(X,K)∼ Cp(Y,K).
Always C0u(X,E) ∼ C0u(βX,E) = Cu(βX,E). Hence the functor F = C0u does not
preserve compactness. The functor Ck(X,E) preserves compactness provided E is a
normed space. The functor F(X) = Cp(X,E), where E is a Banach space, preserves
compactness and pseudocompactness (see [30]).
Problem 3.1.6. Which functional functors preserve compactness and pseudocompact-
ness?
By Aτ denote the one-point compactification of the discrete space Dτ of cardinality τ .
We put D = D2 = {0,1}, D1 = 1, S = Aω, where ω is the countable cardinal, I = [0,1]
and Dω =N= {1,2, . . .} is the discrete space of natural numbers.
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Problem 3.1.7 (Semadeni [28, p. 381] for F(X) = C0u(X,K), Arhangel’skii [2–4], for
F(X)= Cp(X,K)). Let X be an infinite space. Is it true that X F∼ X+ 1?
For the functor F(X)= Cp(X,K) the answer to the Problem 3.1.7 is negative. Recently
Marciszewski [20] constructed a compact space X for which Cp(X,R) and Cp(X+ 1,R)
are not linearly homeomorphic.
Problem 3.1.8 (Arhangel’skii [2–5] for F(X)= Cp(X,R)). Let X be an infinite space:
(1) When X F∼ X+ 1?
(2) When X F∼ X⊕ S?
(3) When X F∼ X⊕N?
(4) When X F∼ X⊕ βN?
(5) When X F∼ X⊕X?
Example 3.1.9 (Semadeni [27, 28, p. 381]). For an ordinal number α let T (α) denote
the space of all ordinal numbers less than α with the topology induced by the natural
order. Semadeni [28, p. 381] proved that for X = T (Ω + 1) the Banach spaces
Cu(X,K) and Cu(X + X,K) are not linearly homeomorphic. From Arhangel’skii and
Pavlowskii theorem (see [1,23]) the spaces Cp(X,K) and Cp(X+X,K) are not linearly
homeomorphic (see [18]).
If the spaces X, Y are homeomorphic, then we put X ∼= Y .
Proposition 3.1.10. Let m,τ be infinite cardinals and n ∈N. Then:
(1) Dτ ∼=Dτ ⊕Dm ∼=Dτ ⊕Dn;
(2) Aτ ∼=Aτ ⊕Dn;
(3) Aτ F∼ Aτ ⊕Am.
Proof. The assertions (1) and (2) are obvious.
Suppose that Aτ = {a} ∪ Dτ , Am = {b} ∪ Dm, Aτ ∩ Am = ∅, c ∈ Dτ and d ∈ Dm.
If X = Aτ ⊕ Am, then there exists a retraction r :X → {a, b} such that r−1(a) =
Aτ and r−1(b)=Am. Then there exist the F -extenders u1 :F({a, b})→ F(X) and
u2 :F({c, d})→ F(X) such that u1(F ({a, b}))= u2(F ({c, d})). Hence F(X : {a, b}) and
F(X : {c, d}) are linearly homeomorphic spaces. From assertion (2) it follows that F(X)
and F(X : {c, d}) are linearly homeomorphic spaces. The pairs of spaces F(Aτ ), F(Aτ : a)
and F(Am), F(Am : b) are linearly homeomorphic, too.
Since there exist the F -extenders v1 :F(Aτ : a)→ F(X : {a, b}) and v2 :F(Am : b)→
F(X : {a, b}) such that v1(f ) ∈ F(X : Am) and v2(f ) ∈ F(X : Aτ ) for all f ∈ F(Aτ : a)
and g ∈ F(Am : b), the mapping v :F(Aτ : a) × F(Am : b)→ F(X : {a, b}), where
v(f,g) = v1(f ) + v2(g), is a linear homeomorphism. Therefore F(Aτ ) × F(Am) ∼
F(Aτ : a) × F(Am : b) ∼ F(X : {a, b}) ∼ F(X : {c, d}) ∼ F(X). The proof is com-
plete. 2
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Corollary 3.1.11. Let F be an M–E-functor. If X contains a subspace homeomorphic
to S, then F(X)∼ F(X+ S)∼ F(X+ 1).
Proposition 3.1.12. If τ is an infinite cardinal andm6 τ , thenDτ F∼ Dτ +1 F∼ Dτ ⊕S F∼
Dτ ⊕Dm F∼ Dτ ⊕Dτ .
Proof. Suppose that m is infinite, X ∈ {S,Dm} and X is a subspace of Dτ . Since Dm
and Dm ⊕Dm are homeomorphic, then F(Dm)∼ F(Dm ⊕Dm). The space X is a retract
of Dτ and F(X) ∼ F(X ⊕ X). Therefore F(Dτ ) ∼ F(Dτ : X) × F(X) ∼ F(Dτ : X)
× F(X) × F(X) ∼ F(Dτ ) × F(X) × F(Dτ ⊕ X). Proposition 3.1.10 completes the
proof. 2
Proposition 3.1.13. Let F be an M–E-extender and τ > 1. Then:
(1) I τ F∼ I τ ⊕ S F∼ I τ ⊕ 1;
(2) I F∼ I ⊕ I .
Proof. Assertion (1) follows from Proposition 3.1.10.
Consider the spaces X = [−1,1], Y = [−1,0] and Z = [1,2]. Then F(X) ∼ F(X) ×
En ∼ F(X : a)× En+1 ∼ F(X : a) for every n > 0 and a ∈ X. Hence F(X)∼ F(X : 0),
F(Y ) ∼ F(Y : 0) and F(Z) ∼ F(Z : 1). Consider the mapping ϕ :Y + Z→ X, where
ϕ−1(0) = {0,1}, ϕ|Y is a homeomorphism of Y onto [−1,0] ⊆ X and ϕ|Z is a
homeomorphism of Z onto [0,1]. As in the proof of assertion (3) of Proposition 3.1.10
we show that F(Y : 0)× F(Z : 1) and F(X : 0) are linearly homeomorphic. The proof is
complete. 2
Consider the following multiplicative property of functors.
Property (µ). If X and Y are compact spaces and X F∼ Y , then X×Z ∼ Y ×Z for every
compact space.
If F(X) ∈ {Ck(X,E),C0u(X,E),Cp(X,E)}, then F is a functor with Property (µ)
(see [5]). Moreover, if F(X)⊆ C(X,E), E is a Banach space and F is continuous, then F
is a functor with Property (µ).
Proposition 3.1.14. Let F be an M–E-functor satisfying Property (µ). If 16 n6 τ , then
F(Iτ )∼ F(Iτ + I τ )∼ F(Iτ )+ F(In).
Proof. From Proposition 3.1.13 it follows that I × Im F∼ (I ⊕ I)× Im = I × Im⊕ I × Im.
Hence In ∼ In⊕ In for every n> 1. The space In is a retract of the space I τ ⊇ In. Hence
F(Iτ )∼ F(Iτ : In)×F(In)∼ F(Iτ : In)×F(In)×F(In)∼ F(Iτ )×F(In). The proof
is complete. 2
120 M.M. Choban / Topology and its Applications 111 (2001) 105–134
Theorem 3.1.15. Let F be a Baire E-functor. Then:
(1) F(S)∼ F(N);
(2) F(X)∼ F(X+N)∼ F(X+ S)∼ F(X+ 1) for every infinite space X.
Proof. Let X be an infinite space. There exist a sequence of points {xn ∈ X: n ∈ N}, the
open subsets {Un: n ∈ N} of X and the continuous functions {fn :X→ I : n ∈ N} such
that:
(1) xn ∈ Un and the set X \ cl(⋃{Ui : i 6 n}) is infinite for every n ∈N;
(2) Un ∩Um = ∅ for n 6=m;
(3) f (xn)= 1 and X \Un = fn−1(0) for every n ∈N.
We put A = {xn: n ∈ N} ⊆ X and by Y denote the set A with the discrete topology.
Consider the mapping ϕ :X→ Y , where ϕ−1(x1)⊇ X \⋃{Un: n ∈ N} and ϕ(Um)= xm
for every m ∈ N. The mapping ϕ is Baire continuous. Hence uϕ :F(A)= F(Y )→ F(X)
is an F -extender. The spaces F(A), F(Y ), F(N) and F(S) are linearly homeomorphic.
Theorem 2.3.2 and Proposition 3.1.10 complete the proof. 2
Theorem 3.1.16. Let F(N) ∈ {C0u(N,E),C0p(N,E),Cp(N,E)} and the functor F be
continuous. Then
F(X)∼ F(X+N)∼ F(X+ 1)
for every non pseudocompact space X.
Proof. LetX be a non pseudocompact space. There exist a continuous function f :X→R
and a sequence Y = {xn ∈X: n ∈N} such that f (xn+1) > f (xn)+ 4 for every n ∈N. Put
Un = f−1(f (xn)− 1, f (xn)+ 1). Fix the continuous functions {hn :X→ I : n ∈N} such
that X \Un = hn−1(0) and hn(xn)= 1. Then
ϕ(g)=
∑{
g(xn) · hn: n ∈N
}
,
where g ∈ F(Y )∼ F(N), is an F -extender. Theorem 2.3.2 completes the proof. 2
3.2. Construction of equivalent spaces
Let A be a non-empty closed subset of the space X. Denote by X‖A the set obtained
from X by identifying the points of A and qA :X→ X‖A is the identification mapping.
We endow X‖A with the strongest Tychonoff topology in respect to which the mapping
qA is continuous (see [4, pp. 17–18]). Put (A) = qA(A). Examine the linear mapping
QA :B(X‖A,E)→ B(X,E), where QA(f )= f ◦ qA for every f ∈ B(X‖A,E).
Consider the following property of functors.
Property (q). F(X‖A : (A)) ∼ F(X : A) for every space X and every its closed F -
embedded non-empty subset A.
Examples of functors from Section 2.5 are functors satisfying Property (q).
The following theorem is due to Arhangel’skii [5, Theorem 2.2].
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Theorem 3.2.1. Let F be a functor with Property (q) and Y be a non-empty subspace of a
space X. If Y is F -embedded in X, then the spaces X+ 1 and Y ⊕X‖Y are F -equivalent.
Proof. From Theorem 2.3.2 it follows that F(X) ∼ F(X : Y ) ∼ F(Y ). Since F(X :
Y ) ∼ F(X‖Y : (Y )), F(X + 1) ∼ F(X) × E1 and F(X‖Y ) ∼ F(X‖Y : (Y ))× E1, then
F(X+ 1)∼ F(X : Y )×E1×F(Y )∼ F(X‖Y : (Y ))×E1×F(Y )∼ F(X‖Y )×F(Y )∼
F(Y ⊕X‖Y ). The proof is complete. 2
Construction 3.2.2 [7, Section 6]. Let Y be a subset of a space X. The set Y ∗ = {y∗:
y ∈ Y } is the duplicate of Y . Denote by d(X,Y ) the setX∪Y ∗ with the topology generated
by a base {{y∗}: y ∈ Y }∪{(U ∪{y∗: y ∈ U})\F : U is an open subset ofX and F is a finite
subset of Y ∗}. Then Y ∗ is an open discrete subspace of d(X,Y ), X is a closed subspace
of d(X,Y ) and the mapping r :d(X,Y )→X, where r(x)= x and r(y∗)= y for all x ∈X
and y∗ ∈ Y ∗, is a retraction. The space d(X,X) is a Baire space. If X is compact and
|Y | = τ is an infinite cardinal, then the spaces d(X,Y )‖X and Aτ are homeomorphic.
Corollary 3.2.3. Let F be a functor with Property (q). For every infinite space X and
every subset Y of X the spaces X⊕ d(X,Y )‖X and d(X,Y )+ 1 are F -equivalent.
Corollary 3.2.4. Let X be a compact space and Y be an infinite subspace of X of
cardinality τ . Then X + Aτ and d(X,Y ) + 1 are F -equivalent spaces provided F is a
functor with Property (q).
Corollary 3.2.5. Let F be a functor with Property (q). The following properties are not
preserved by F -equivalence within the class of Lindelöf spaces:
(1) To be a locally compact space.
(2) To be a ˇCech-complete space.
(3) To be a compact space of countable pi -weight.
(4) To be a metrizable space.
(5) To be a Baire space.
(6) To contain an infinite convergent sequence.
(7) To contain a dense discrete subspace.
(8) To contain a dense ˇCech-complete subspace.
(9) To be a first countable compact space.
Proof. Let X = R×R and Y = R× {0}. Then X, X+ 1 and X⊕X‖Y are F -equivalent
spaces. The assertions (1), (2) and (4) are proved.
Let Z = I I , H be a countable dense subset of Z, X = d(Z,H) + 1 and Y = Z ⊕
d(Z,H)‖Z. The pi -weight of X is countable, the pi -weight of Y is uncountable and X, Y
are F -equivalent spaces. The assertion (3) is proved.
Let Z be the space of rationals, X = d(Z,Z) and Y = Z ⊕ d(Z,Z)/Z. The
assertions (5)–(8) are proved. If X = I , then d(X,X) + 1 is first countable. The
assertion (9) is proved. 2
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Example 3.2.6 [22, Examples 3.15 and 3.17]. Let T be the space of all ordinals6Ω with
the order topology, T0 = T \ {Ω}, H ⊆ T0, X = (T0 × T ) ∪ ({Ω} ×H), Z = T0 × {Ω}.
The mapping r :X→ Z, where r(α,β)= (min{α,β},Ω), is a retraction. Then the spaces
X, X + 1 and Y = Z ⊕X‖Z are F -equivalent provided F is a functor with Property (q).
If H = ∅, then X is not a normal countably compact space and Y is a normal countably
compact space. If H is an uncountable discrete subspace of T , then X is a pseudocompact
space, e(X)= |T |, Y is a pseudocompact space and e(Y )=ℵ0.
Corollary 3.2.7. Normality and collectionwise normality are not preserved by F -equiva-
lence, where F is a functor with Property (q), within the class of countable compact spaces.
Corollary 3.2.8. Let F be a functor with Property (q). Then in the class of pseudocompact
spaces the countability of extent is not preserved by F -equivalence.
Example 3.2.9 [22, Example 3.19]. Let H = {(x, y) ∈ R × R: x2 + y2 = 1}. Then
Z0 = d(H,H) is the Alexandroff double circle [17, p. 173]. By A = {a} ∪ N denote
the one-point compactification of the discrete space N. Put Z = (Z0 × A) \ (H × {a}),
X0 = Z ×Z, X =X0 + 1, ∆= {(x, x): x ∈ Z} ⊆X0 and Y =∆+X0‖∆. The subspace
∆ is a retract of the space X0. Hence for every functor F with Property (q) the spaces X0,
X, X+ 1, Y are F -equivalent. In [22] it is proved that:
(1) X0 and X are locally compact first countable µ-spaces.
(2) Y has the properties: it is not a k-space; the tightness of Y is uncountable.
Therefore the property to be a k-space, bisequentiality, sequentiality, countability of
tightness, the Fréchet–Urysohn property are not preserved by F -equivalences.
Remark 3.2.10. If F(X) ⊆ Bp(X,E) or F(X) ⊆ Bu(X,E), then F is a functional E-
functor with Property (q).
Proposition 3.2.11. If F(X) ⊆ B0k (X,E) for every space X, then F is a functional E-
functor without Property (q).
Proof. Let τ1 be the character of the point 0 in E. Let τ > τ1 and τ be a regular cardinal.
Denote by Z the space of all ordinals 6 τ with the order topology, X = Z2 \ {(τ, τ )},
A= {(τ,α): α < τ } ⊆ X. The set A is closed in X and the space Y = X‖A is compact.
Since Y is compact, χ(0,B0k (X,E))= τ1.
Since every compact cover of X has the cardinality > τ , χ(0,F (X : A)) = χ(0,
F (X)) = τ > τ1. Hence the spaces F(X‖A : (A)) and F(X : A) are not homeomor-
phic. 2
Remark 3.2.12. If F is a functional E-functor and F(X)⊆ Bk(X,E) for every space X,
then F has Property (q) in the class of µ-complete spaces.
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3.3. On point-perfect spaces
Let F be a continuousM–E-functor and F(N) ∈ {C0u(N,E),C0p(N,E), Cp(N,E)}.
A space X is called point-perfect if every its finite subset is a Gδ-set, i.e., the
pseudocharacter ψ(X) of X is countable.
Theorem 3.3.1. If X is an infinite point-perfect space then:
(1) F(X)∼ F(X+ 1);
(2) F(X)∼ F(X⊕ S) or F(X)∼ F(X⊕N).
Proof. LetX be pseudocompact. ThenX is a first-countable space. From Corollary 3.1.11
it follows that F(X)∼ F(X⊕ S)∼ F(X+ 1).
Let X be a not pseudocompact space. From Theorem 3.1.16 it follows that F(X) ∼
F(X⊕N)∼ F(X+ 1). The proof is complete. 2
3.4. On extremely disconnected spaces
Proposition 3.4.1 [7]. Let X be an infinite extremely disconnected compact space. Then
βN is F -embedded in X.
Proof. There exists a sequence {Un: n ∈ N} of open non-empty subsets of X such that
Z =⋃{Un: n ∈N} is dense in X and Un ∩Um = ∅ for n 6=m. For every n ∈N fix a point
xn ∈ Un. Then Y1 = {xn: n ∈ N} is a discrete space and the spaces βN and Y = clX Y1
are homeomorphic. Consider the continuous mapping ϕ :Z→ Y1, where ϕ−1(xn) = Un
for every n ∈ N. Since X = βZ, there exists a continuous mapping ψ :X → Y such
that ψ(xn) = ϕ(xn) = xn for every n ∈ N. The mapping ψ is a retraction. The proof is
complete. 2
Theorem 3.4.2 [7, Theorem 5.4]. Let X be an infinite extremely disconnected compact
space. Then X, X+ 1 and X⊕ βN are F -equivalent spaces.
Proof. From Corollary 2.3.3 and Proposition 3.4.1 it follows that F(X) ∼ F(X : βN)×
F(βN)∼ F(X : βN)× F(βN)× F(βN)∼ F(X)× F(βN)∼ F(X⊕ βN) and F(βN)∼
F(βN+ 1). The proof is complete. 2
Some questions of functional equivalence of extremely disconnected spaces were
studied in [14].
3.5. Paracompactness and functional equivalence
Consider the functor F(X)= Cp(X,R).
Reznichenko [26] constructed an example showing that paracompactness is not
preserved by l-equivalence. A general method of construction of examples of this kind
was proposed in ([7, Section 7], see also [4, Example 4.31]). There exists a stratifiable
space X and a non collectionwise normal space Y such that F(X)∼ F(Y ) (see [7,4]).
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4. Topological equivalences of spaces
In this section we shall study some topological equivalences of spaces.
4.1. Open finite-to-one mappings
Lemma 4.1.1 (see [9]). Let n ∈ N, f :X → Y be an open continuous mapping,
|f−1(y)| = n for every y ∈ Y , L ⊆ X,H1 be a dense subset in f (L), L1 = L \ clX(L ∩
f−1(H1)), . . . ,Hm be a dense subset in f (Lm−1), Lm = Lm−1 \ clX(L ∩ f−1(Hm)), . . . .
Then Ln = ∅.
Proof. The assertion is obvious for n= 1. Suppose that the assertion is true if |f−1(y)| =
n− 1 for all y ∈ Y .
Assume now that |f−1| = n for every y ∈ Y . Fix the point y ∈ f (Ln−1) and the point
x ∈ f−1(y) ∩ Ln−1. There exists an open neighborhood V of x in X such that V ∩
(
⋃{L∪f−1(Hi): i 6 n−1} = ∅ and f |V is a homeomorphism. Put Z = f−1(f (V ))\V ,
L′ =Z∩L and g = f |Z :Z→ f (V )=W . Then g is an open mapping and g−1(y)= n−1
for all y ∈W . Denote H ′i =Hi ∩W and L′i = Li ∩Z. Since W is open in Y , we conclude
that H ′i is dense in g(L′i−1) and L′i = L′ \ clZ(L′ ∩ g−1(H ′i )). By assumption, L′n−1 = ∅.
Hence Z ∩Ln−1 = ∅ and x ∈ clX(Ln−1 ∩ f−1(Hn−1)). The proof is complete. 2
Let f :X→ Y be a finite-to-one mapping. Denote N1(f )= {n ∈ N: |f−1(y)| = n for
some y ∈ Y }, m(f ) =∑{n2: n ∈ N1(f )}, N(f ) = N if m(f ) =∞ and N(f ) = {n ∈
N: n6m(f )} if m(f ) <∞.
Proposition 4.1.2. Let f :X→ Y be an open continuous finite-to-one mapping. Then for
every subspace Z of X there exists a sequence {Zn: n ∈ N(f )} of subsets of Z such that⋃{Zn: n ∈N(f )} is dense in Z and f |Zn is a homeomorphism for all n ∈N(f ).
Proof. Let n ∈ N1(f ),Y = {y ∈ Y : |f−1(y)| = n}, Xn = f−1(Yn), L = Z ∩ Xn and
fn = f |Xn. For every y ∈ Y1 we fix an open subset Vy of Yn and the open disjoint subsets
V1y,V2y, . . . , Vny of Xn such that y ∈ Vy = f (V1y)= · · · = f (Vny).
Fix a disjoint family {H1α: α ∈A1} of open subsets of f (L) such thatH1 =⋃{H1α: α ∈
A1} is dense in f (L) and for every α ∈ A1 we have H1α ⊆ Vy(α) for some y(α) ∈
L. Denote Wn1iα = L ∩ f−1(H1α) ∩ Viy(α),Wn1i = ⋃{Wn1iα : α ∈ A1} and Wn1 =⋃{Wn1i : i 6 n}. By construction, f |Wn1i :Wn1i→ f (Wn1i ) is a homeomorphism for all
i 6 n. Assume that m 6 n and the sets {Wnki,Wnk : k 6 m − 1, i 6 n} are constructed,
Wnk =⋃{Wnki : i 6 n} and f |Wnki is a homeomorphism for all k 6 m − 1 and i 6 n.
We put Lm−1 = L \⋃{clX Wni : i 6 m − 1}. Fix a disjoint family {Hmα: α ∈ Am} of
open subsets of f (Lm−1) such that Hm =⋃{Hmα: α ∈ Am} is dense in f (Lm−1) and
for every α ∈ Am we have Hmα ⊂ Vy(α) for some y(α) ∈ Lm−1. Denote Wnmiα =
L ∩ f−1(Hmα) ∩ Viy(α),Wnmi =⋃{Wnmiα : α ∈ Am} and Wnm =⋃{Wnmi : i 6 n}. By
construction, f |Wnmi is a homeomorphism. By Lemma 4.1.1, the set ⋃{Wnmi : m, i 6 n}
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is dense in L. Since |{Wnmi : mi 6 n, n ∈ N1(f )}| = |N(f )|, we consider that {Zn: n ∈
N(f )} = {Wnmi : m, i 6 n, n ∈N1(f )}. The proof is complete. 2
Proposition 4.1.3. Let f :X→ Y be an open continuous mapping, n ∈N and |f−1(y)|6
n for every y ∈ Y . If Z is a subspace of X, then:
(1) if Z is a discrete space, then f (Z) is a union of finite number of discrete subspaces;
(2) if Z is a scattered space, then f (Z) is a scattered space, too.
Proof. In this case m(f ) <∞ and N(f ) is a finite set. Hence the assertion (1) follows
from Proposition 4.1.2. Suppose that Z is a scattered space. It is sufficient to prove that
f (Z) contains an isolated point. Let m= sup{i: |f−1(y)| = i for some y ∈ f (Z)}. Then
H = {y ∈ f (Z): |f−1(y)| =m} is an open non-empty subset of f (Z). Fix y ∈ H . Then
there exist an open subset W of H and the open subsets V1,V2, . . . , Vm of f−1(H)
such that y ∈W = f (V1) = f (V2) = · · · = f (Vm). By construction, Vi ∩ Vj = ∅ for all
16 i < j 6m and f |Vi is a homeomorphism for all i 6m. A subspace Yi = f (Vi ∩ Z)
is scattered and the union of a finite family of scattered subspaces is scattered. Hence
L=⋃{Yi : i 6m} =W ∩ f (Z) is an open scattered subspace of f (Z). The subspace L
contains some isolated point. This point is isolated in f (Z), too. The proof is complete. 2
Corollary 4.1.4. Let f :X→ Y be an open continuous finite-to-one mapping of a spaceX
onto a space Y and Z be a subspace of X. Then:
(1) if Z is a σ -discrete space, then f (Z) is σ -discrete, too;
(2) if Z is a σ -scattered space, then f (Z) is σ -scattered, too.
Moreover, if f (Z)= Y , then:
(3) ds(X)= ds(Y )= ds(Z);
(4) ss(X)= ss(Y )= ss(Z);
(5) d(X)= d(Y )= d(Z);
(6) hd(X)= hd(Y )= hd(Z);
(7) hwl(X)= hwl(Y )= hwl(Z);
(8) hdl(X)= hdl(Y )= hdl(Z).
Proposition 4.1.5. Let X ⊆ X1, f :X1→ Y be a continuous mapping, f (X) = Y and
g = f |X :X→ Y be an open finite-to-one mapping. Then there exists a family {Hα: α ∈A}
of closed subsets of X1 such that:
(1) X =⋃{Hα: α ∈A};
(2) for every α ∈A the set f (Hα) is closed in Y and f |Hα is a homeomorphism;
(3) |A|6 hl(Y ).
Proof. For every n ∈N we put Yn = {y ∈ Y : |g−1(y)| = n}. Since f is an open mapping,
the set
⋃{Yi : i 6 n} is closed in Y for each n ∈ N. Hence for every n ∈ N there exists a
family {Wα : α ∈An} of subsets of Yn such that:
(1) for each α ∈ An the set Wα is open in Yn, Hα = clY Wα ⊆ Yn and there exist the
open subsets H1α,H2α, . . . ,Hnα of g−1(Hα) such that for every i 6 n we have
g(Hiα)=H and g|Hiα is a homeomorphism;
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(2) Yn =⋃{Wα : α ∈An};
(3) |An|6 l(Yn)6 hl(Y ).
By construction, the sets Hiα are closed in X1. The family {Hiα: i 6 n, α ∈An, n ∈N}
is the desired family. The proof is complete. 2
Corollary 4.1.6. Let f :X→ Y be an open continuous finite-to-one mapping of a spaceX
onto a space Y . Then hl(X)= hl(Y ) and whl(X)= whl(Y ).
4.2. On pm-equivalent spaces
Definition 4.2.1. The spacesX and Y are called pm-equivalent if there exist two set-valued
mappings ϕ :Y →X and ψ :X→ Y with the properties:
(1) If L is a bounded subset of Y , then ϕ(L) is a bounded subset of X.
(2) If H is a bounded subset of X, then ψ(H) is a bounded subset of Y .
(3) y ∈ clY (ψ(ϕ(y))) for all y ∈ Y .
(4) x ∈ clX(ϕ(ψ(x))) for all x ∈X.
The pair (ψ,ϕ) of set-valued mappings is called a pm-equivalence.
From Corollary 2.6 in [13] we obtain
Corollary 4.2.2. Let X and Y be the µ-complete wq-spaces. If the spaces X and Y are
pm-equivalent, then there exist a space Z, a perfect mapping f :Z→X onto a space X
and a perfect mapping g :Z→ Y onto Y .
Theorem 4.2.3. By K denote the class of all µ-complete wq-spaces. Let a topological
property P satisfy the condition:
(c2) If f :X→ Y is a perfect mapping of X onto Y , then X ∈ P if and only if Y ∈ P .
Then P is a pm-invariant property in the class K .
Proof. Let X and Y be the pm-equivalent µ-complete wq-spaces. By Corollary 4.2.2
there exist a space Z and the perfect mappings f :Z→ X and g :Z→ Y . The proof is
complete. 2
Examples 6.2 from [13] contain the pm-invariant properties in the class of µ-complete
wq-spaces. We mention only the following properties.
Corollary 4.2.4. Let X and Y be the pm-equivalent µ-complete wq-spaces. Then:
(1) X is paracompact if and only if Y is paracompact;
(2) if X is a paracompact p-space, then Y is a paracompact p-space;
(3) if X is a ˇCech-complete space, then Y is a ˇCech-complete space;
(4) if X is locally compact, then Y is locally compact;
(5) if X is k-scattered space, then Y is k-scattered;
(6) if X is metacompact, then Y is metacompact;
(7) if X is subparacompact, then Y is subparacompact.
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4.3. On om-equivalent spaces
Definition 4.3.1. The spaces X and Y are called om-equivalent if there exist two lower
semicontinuous mappings ϕ :Y →X and ψ :X→ Y with the properties:
(1) For every y ∈ Y the set ϕ(y) is finite and y ∈ψ(ϕ(y)).
(2) For every x ∈X the set ψ(x) is finite and x ∈ ϕ(ψ(x)).
The pair (ϕ,ψ) is called an om-equivalence between spaces X and Y .
Definition 4.3.2. The spaces X and Y are called pom-equivalent if there exists a pair of
set-valued mappings ϕ :Y → X and ψ :X→ Y which is a pm-equivalence and an om-
equivalence between spaces X and Y .
Theorem 4.3.3. Let a topological property P satisfy the condition
(c1) If f :X→ Y is an open continuous finite-to-one mapping and Z ⊆X, then Z ∈ P
if and only if f (Z) ∈ P .
Then P is an om-invariant property.
Proof. Let ϕ :Y →X and ψ :X→ Y be an om-equivalence. The mappings ϕY : Gr(ϕ)→
Y and ψX : Gr(ψ)→X are open, continuous and finite-to-one. Let Z = Gr(ϕ) ∩ Gr(ψ).
Since y ∈ ψ(ϕ(y)) and x ∈ ϕ(ψ(x)), we have ϕ(Z)=X and ψ(Z)= Y . Hence if X ∈ P ,
then Z ∈ P and consequently Y ∈ P . The proof is complete. 2
Theorem 4.3.4. LetX and Y beµ-complete pom-equivalent spaces. Every compact subset
of X is scattered if and only if every compact subset of Y is scattered.
Proof. Let ϕ :Y → X and ψ :X→ Y be a pom-equivalence and every compact subset
ofX be scattered. Fix a compact subset F of Y . ThenΦ = clX ϕ(F ) is a compact scattered
subspace of X. The mappings ϕY : Gr(ϕ)→ Y and ψX : Gr(ψ)→X are open, continuous
and finite-to-one. Since ψX is finite-to-one, the subspace Z = Gr(ϕ) ∩ ψX−1(Φ) is
scattered. By construction, ϕY (Z) ⊇ F . By Corollary 3.4, ϕY (Z) is σ -scattered. From
Proposition 1.2 it follows that F is scattered. The proof is complete. 2
From Theorem 4.3.4, Proposition 1.3 and the assertion (5) of Corollary 4.2.4 it follows
Corollary 4.3.5. Let X and Y be µ-complete pom-equivalent wq-spaces. If X is a
scattered space, then Y is a scattered space, too.
Corollary 4.3.6. Let X and Y be pom-equivalent wq-spaces. If X is a µ-complete
scattered space, then Y is a µ-complete scattered space, too.
From Corollary 4.1.4 and Theorem 4.3.3 it follows.
Corollary 4.3.7. Let X and Y be om-equivalent spaces. Then:
(1) X is σ -discrete if and only if the space Y is σ -discrete;
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(2) ds(X)= ds(Y );
(3) X is σ -scattered if and only if the space Y is σ -scattered;
(4) ss(X)= ss(Y );
(5) hd(X)= hd(Y );
(6) hl(X)= hl(Y );
(7) hwl(X)= hwl(Y );
(8) hdl(X)= hdl(Y );
(9) s(X)= s(Y ).
Theorem 4.3.8. Let X and Y be µ-complete pom-equivalent wq-spaces. Then e(X) =
e(Y ).
Proof. Let ϕ :Y → X and ψ :X → Y be a pom-equivalence. We put Z = Gr(ϕ) ∩
Gr(ψ) and S = clX×Y Z. Consider the projections f :S→ X and g :S→ Y . By virtue
Corollary 2.6 from [13], the mappings f and g are perfect, f (Z)=X and g(Z)= Y .
Fix a closed discrete subspace L of Y . The family {g−1(y): y ∈ L} is discrete in S.
Since g−1(y) ∩ Z is a finite subset, the family {g−1(y) ∩ Z: y ∈ L} is discrete in S.
Hence the set H = g−1(L) ∩ Z =⋃{g−1(y) ∩ Z: y ∈ L} is closed and discrete in S.
Therefore f (H) is a closed discrete subset of X. Since the sets ϕ(y) and ψ(x) are finite,
then |L| = |H | = |f (H)| provided the set L is infinite. Hence e(Y )6 e(X). The proof is
complete. 2
A space is called perfect if every its closed subset is a Gδ-set. If X is a perfect space,
then e(X)= s(X). Hence from Corollary 4.3.7 it follows
Corollary 4.3.9. Let X and Y be perfect om-equivalent spaces. Then e(X)= e(Y ).
4.4. On σ–om-equivalent spaces
Definition 4.4.1. A set-valued mapping θ :X→ Y is called σ -lower semicontinuous if
there exists a sequence {Xn: n ∈ N} of closed subsets of X such that X =⋃{Xn: n ∈ N}
and the mapping θ |Xn :Xn→ Y is lower semicontinuous for every n ∈N.
Definition 4.4.2. The spaces X and Y are called σ–om-equivalent if there exist two σ -
lower semicontinuous mappings ϕ :Y →X and ψ :X→ Y with the properties:
(1) For every y ∈ Y the set ϕ(y) is finite and y ∈ψ(ϕ(y)).
(2) For every x ∈X the set ψ(x) is finite and x ∈ ϕ(ψ(x)).
The pair (ϕ,ψ) is called a σ–om-equivalence between spaces X and Y .
Theorem 4.4.3. Let ϕ :Y →X and ψ :X→ Y be a σ–om-equivalence. Then there exist a
family {Hα: α ∈ A} of closed subsets of X and family of mappings {fα :Hα→ Y : α ∈A}
such that:
(1) X =⋃{Hα: α ∈A} and |A|6 hl(X);
M.M. Choban / Topology and its Applications 111 (2001) 105–134 129
(2) for every α ∈ A the set Lα = fα(Hα) is closed in Y and fα :Hα → Lα is a
homeomorphism;
(3) Y =⋃{Lα : α ∈A};
(4) fα(x) ∈ψ(x) and fα−1(y) ∈ ϕ(y) for every α ∈A, x ∈Hα and y ∈ Lα .
Proof. Fix the sequence {Xn: n ∈N} of closed subsets of X and the sequence {Yn: n ∈N}
of closed subsets of Y for whichX =⋃{Xn: n ∈N}, Y =⋃{Yn: n ∈N} and the mappings
ψ|Xn, ϕ|YN are lower semicontinuous. Consider the projections f :X × Y → X and
g :X × Y → Y . For every n ∈ N the mappings ψn = f |Gr(ψ) ∩ f−1(Xn) and ϕn =
g|Gr(ϕ) ∩ g−1(Yn) are open and finite-to-one. By Proposition 4.5, there exists a family
{Fα: α ∈A1} of closed subsets ofX×Y such that Gr(ψ)=⋃{Fα : α ∈A1}, |A1|6 hl(X)
and for every α ∈ A1 the set f (Fα) is closed in X and f |Fα is a homeomorphism. Since
Y =⋃{g(Fα): α ∈A1}, hl(Y )6 hl(X). Hence by virtue of Proposition 4.1.5, there exists a
family {Φα : α ∈A2} of closed subsets ofX×Y such that Gr(ϕ)=⋃{Φα : α ∈A2}, |A2|6
hl(X) and for every α ∈ A2 the set g(Φα) is closed in Y and g|Φα is a homeomorphism.
We put A = A1 × A2 and Zα = Fξ ∩ Φβ for every α = (ξ,β) ∈ A. By construction,⋃{Zα: α ∈ A} = Gr(ϕ) ∩ Gr(ψ). For every α ∈ A we put Hα = f (Zα), Lα = g(Zα)
and fα(x)= g(Zα ∩ f−1(x)) for each x ∈Hα . The proof is complete. 2
Theorem 4.4.4. Let a topological property P satisfy the conditions:
(c1) If f :X→ Y is an open continuous finite-to-one mapping and Z ⊆X, then Z ∈ P
if and only if f (Z) ∈ P .
(c2) If {Xn: n ∈ N} is a sequence of closed subspaces of a space X and Xn ∈ P for
every n ∈N, then ⋃{Xn: n ∈N} ∈ P .
(c3) If Y is a closed subspace of a space X and X ∈ P , then Y ∈ P .
Then P is a σ–om-invariant property.
Proof. Let ϕ :Y → X and ψ :X → Y be a σ–om-equivalence. Fix the sequence
{Xn: n ∈N} of closed subsets of X and the sequence {Yn: n ∈ N} of closed subsets
of Y for which X =⋃{Xn: n ∈ N}, Y =⋃{Yn: n ∈ N} and the mappings ϕn = ϕ|Yn,
ψn =ψ|Xn are lower semicontinuous. Denote S =Gr(ϕ)∩Gr(ψ), Hn = S ∩Gr(ψn) and
Ln = S ∩ Gr(ϕn). Suppose that X ∈ P . If n ∈ N, then the projection fn : Gr(ψn)→ Xn
is open finite-to-one and fn(Hn) = Xn. Hence Hn ∈ P , Hn is a closed subset of S and
S =⋂{Hn: n ∈ N} ∈ P . Since Ln is a closed subset of S, Ln ⊆ Gr(ϕn), the projection
gn : Gr(ϕn)→ Yn is open finite-to-one and gn(Ln)= Yn, then Ln ∈ P and Yn ∈ P . Hence
Y =
⋃
{Yn: n ∈N} ∈ P.
The proof is complete. 2
Corollary 4.4.5. The assertions of Corollaries 5.8 and 5.11 are true for every σ–om-
equivalent spaces X and Y .
From Theorem 4.4.3 it follows
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Corollary 4.4.6. LetX and Y be σ–om-equivalent spaces andX be a hereditarily Lindelöf
space. Then Y is a hereditarily Lindelöf space, dimX = dimY and IndX = IndY .
5. General theorems on functional equivalent spaces
Fix a Banach space E and consider the functional E-functor F(X)= Cp(X,E).
If the spaces X, Y are F -equivalent, then we say that X, Y are lF -equivalent. The lR-
equivalent spaces are called l-equivalent spaces (see [2–5,9]).
5.1. Supports of vectorial measures
Let X be a space. Denote by L(X,E) the space of all continuous linear mappings of
Cp(X,E) into E in the topology of pointwise convergence. By construction, L(X,E) is
a linear subspace of the space Cp(Cp(X,E),E). The mappings from L(X,E) are called
E-valued measures on X.
For every x ∈X a continuous linear mapping µx :Cp(X,E)→ E is defined by the rule
µx(f ) = f (x). Putting eX(X) = µx gives the canonical evaluation mapping eX :X→
L(X,E). The mapping eX is an embedding.
Following Arhangel’skii [1] and Valov [30], for each measure µ ∈ L(X,E) the support
of µ in X is the set suppX(µ) of all points x ∈X such that for every neighborhood U of x
in X there is f ∈C(X,E) such that µ(f ) 6= 0 and f (X \U)= 0.
Proposition 5.1.1 [1,13,30]. Let µ be a non-zero element of L(X,E). Then suppX(µ) is
a non-empty finite subset of X.
Proof. Since µ is continuous at 0, then there exist a finite set L of X and ε > 0
such that ‖µ(f )‖ < 1 for every f ∈ w(0,L, ε) = {g ∈ C(X,E): ‖g(x)‖ < ε for every
x ∈ X}. If x /∈ L, then for every function g ∈ C(X,E) for which L ⊆ g−1(0) we have
λ · g ∈w(o,L, ε) and ‖µ(λ · g)‖ = |λ| · ‖µ(g)‖< 1 for every λ ∈K . Hence x /∈ suppX(µ)
and suppX(µ) ⊆ K . Suppose that suppX(µ) = 0. Then for every x ∈ L there exists
a neighborhood Vx of x in X such that µ(f ) = 0 provided X \ Vx ⊆ f−1(0). There
exist the continuous functions {h,hx : x ∈ X} of X into [0,1] such that hx(x) = 1 and
X \ Vx ⊆ hx−1(0) for every x ∈ L and h(y) +∑{hx(y): x ∈ L} = 1 for every y ∈ X.
Then L ⊆ h−1(0). Let g ∈ C(X,E). Put g0 = h · g and gx = hx · g. Then µ(g0)= 0 and
µ(gx)= 0 for every x ∈ L. Since g = g0 +∑{gx : x ∈ L}, µ(g) = 0. Hence µ= 0. The
proof is complete. 2
Proposition 5.1.2 [30,13]. The set-valued mapping suppX :L(X,E) → X is lower
semicontinuous.
Proof. Let U be an open set in X, V = {µ: suppX(µ) ∩ U 6= ∅}, µ ∈ V and x ∈
U ∩ suppX(µ). Fix an open subset W of x such that x ∈W ⊆ clX W ⊆ U . There is f ∈
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C(X,E) such that X \W ⊆ f−1(0) and µ(f ) 6= 0. The set H = {η ∈ L(X,E): η(f ) 6= 0}
is open in L(X,E) and µ ∈H . Hence U is open in L(X,E). The proof is complete. 2
Proposition 5.1.3. If H is a bounded subset of L(X,E), then suppX(H)=
⋃{suppX(µ):
µ ∈H } is a bounded in X set.
Proof. Follows from Proposition 2.1 in [30] (for E =R see the proof of Proposition 1.2.8
from [9]). 2
Proposition 5.1.4. eX(X) is a closed subspace of the space L(X,E).
Proof. Follows from Property 5.1 in [13] (see [30,3,9]). 2
Proposition 5.1.5. The space X is µ-complete if and only if the space L(X,E) is µ-
complete.
Proof. Follows from Property 5.4 in [13] (see [30,19]). 2
5.2. On lE-equivalence of spaces
Let X and Y be spaces and u :Cp(X,E)→ Cp(Y,E) be an linear homeomorphism.
Then the dual linear homeomorphism v :L(Y,E)→ L(X,E) is defined, where v(µ) =
µ ◦ u for every µ ∈ L(Y,E). We put suppX(y) = suppX(v(µy)) and suppY (x) =
suppY (v−1(µx)) for all y ∈ Y and x ∈X.
Theorem 5.2.1. The mappings suppX :Y → X and suppY :X→ Y are a pom-equiva-
lence.
Proof. From Proposition 5.1.2 it follows that suppX and suppY are lower semicontinuous
mappings. IfH is a bounded subset of Y , then v(H) is a bounded subset of L(X,E). From
Proposition 5.1.3 it follows that suppX(H) is a bounded subset of X.
Suppose that x ∈ X and x /∈ suppX(suppY (x)) = H . There is f ∈ C(X,E) such
that f (x) 6= 0 and H ⊆ f−1(0). Hence u(f )(y) = 0 for all y ∈ suppY (x). Since u
is a linear homeomorphism, 0 = u−1(u(f ))(x) = f (x), a contradiction. Therefore x ∈
suppX(suppY (x)) for every x ∈X. The proof is complete. 2
Corollary 5.2.2. The lE -equivalent spaces are pom-equivalent.
From Propositions 5.1.4 and 5.1.5 it follows
Corollary 5.2.3 [30]. The µ-completeness is an lE-invariant property.
5.3. The main results. Case of perfect properties
Theorem 5.3.1. Let a topological property P satisfy the condition:
(1) If f :X→ Y be a perfect mapping of X onto Y , then X ∈ P if and only if Y ∈ P .
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Then the property “to be a µ-complete space with property P ” is lE-invariant in the
class of all wq-spaces.
Proof. Let X and Y be lE-equivalent wq-spaces and X be a µ-complete space with
property P . From Corollary 5.2.3 it follows that Y is a µ-complete space. Theorem 4.2.3
completes the proof. 2
Corollary 5.3.2. Let X and Y be lE -equivalent wq-spaces. Then:
(1) X is paracompact if and only if Y is paracompact;
(2) X is p-paracompact if and only if Y is p-paracompact;
(3) if X is a ˇCech-complete µ-space, then Y is a ˇCech-complete µ-space;
(4) if X is a locally compact µ-space, then Y is a locally compact µ-space;
(5) if X is a k-scattered µ-space, then Y is k-scattered;
(6) if X is a scattered µ-space, then Y is scattered;
(7) if X is a metacompact µ-space, then Y is metacompact;
(8) if X is a subparacompact µ-space, then Y is subparacompact;
(9) if X is µ-complete, then e(X)= e(Y ).
Theorem 5.3.3. Let X and Y be lE-equivalent wq-spaces and E be a separable Banach
space. If X is metrizable, then Y is metrizable, too.
Proof. From Property 5.8 in [13] it follows that Y is submetrizable. By Corollary 5.3.2 it
follows that Y is a p-paracompact space. The submetrizable p-paracompact is metrizable
(see [6]). The proof is complete. 2
5.4. The main results. General case
Theorem 5.4.1. Let a topological property P satisfy the condition:
(1) If f :X→ Y is an open continuous finite-to-one mapping and Z ⊆ X, then Z ∈ P
if and only if f (Z) ∈ P .
Then P is an lE -invariant property.
Proof. Follows from Theorems 4.3.3 and 5.2.1. 2
Corollary 5.4.2. Let X and Y be lE-equivalent spaces. Then the assertions of Corollar-
ies 4.3.7 and 4.3.9 are true.
Remark 5.4.3. McCoy and Ntantu [21] and Gul’ko and Okunev [19] proved that if a
paracompact space Y of pointwise countable type is l-equivalent to a locally compact
paracompact space X, then Y is locally compact. In [10] Baars et al. proved that in
a class of metrizable spaces ˇCech-completeness is preserved by l-equivalence. In [30]
Valov established that in these results a paracompactness can be weakened to a µ-
completeness and a point countable type to a wq-space property. In [8] Baars established
that scatteredness and k-scatteredness are l-invariants in the class of paracompact first
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countable spaces. The l-invariance of hereditary density was proved in [13,29]. All these
results follow from Corollaries 5.3.2 and 5.4.2. The results of Section 5 have solved some
questions posed in [3–5,13–15]. In the class of pseudocompact spaces the extent is not
preserved by l-equivalence (Corollary 3.2.8).
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